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We examine position encounter-evasion problems for inherently linear controlled
systems in which the players’ controls do not separate additively, We propose
construction permitting effective solutions to these problems in the classes of
pure and mixed strategies and of counterstrategies [1, 2], We investigate the
relation between the proposed and the program constructions for solving such
problems, The constructions used in this paper go back to the direct method
[3—6]. In contrast to [3—6] the approach described here includes the solving

of position problems.

1, Let the motion of a conflict-controlled system be described by the inherently
linear differential equation

defdt =AM zx+7 u v), z(t) =25 u PR (L))
ve QC R?
Here z is an p-dimensional phase vector, A (f) is an(n X n)-dimensional continu-
ous matrix function, f (¢, u, v) is a vector function continuous in all arguments, P
and Q are compacta, A convex compactum M in space R™ and the function r (z,

m) = |x — m| are specified, (|p| is the Euclidean norm of vector p, m & M).
The game's outcome is determined by the functional
¢(xz[-])= min (x|t = mi .
) in (z{t]) (o(z) min r(z, m)) (L2

where & is some finite instant, The first player strives to minimize functional (1, 2) and
the second player, to maximize it. We assume that the players’ pure strategies [/, and
V, ,mixed strategies U, and V,, counterstrategies Uy and ¥V, and the limit transi-
tion generated by them from the corresponding Euler polygonal lines of the motion
zu, [¢] (zv, [2]), { = 1,2,3 , are defined in the same way as in [1, 2].

Problem 1, For a fixed position {¢,, x,} find the optimal minimax strategy
U\® = u° (t, ) or the optimal minimax mixed strategy U,° — p (du / ¢, x) or the
optimal minimax counterstrategy Ug°> <+ u® (¢, z, v) which satisfies the condition

sup (z[-; texoU:°]) = minsup @(z[-; %, o, U]}, i=1,2,3 (1.3)
xi-] U, <[]
on any motion zy e [¢t] = z [t; 8y, 2o, U

Problem 2. For a fixed position {), Z,} find the optimal maximin strategy
V,° = v°(¢, 2) or the optimal maximin mixed strategy V,° -+ +°(dv /£, Z) or the
optimal maximin counterstrategy V,° =+ 0° (¢, z, u) which satisfies condition

infQ(z[-;t0. 20, Vi) = max inf@(z[-;20, 20, Vil), 1=1,2,3 (1,4
x[] v; =]
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on any motion zv,.|t] = x [t; to, X0, V.ol

2. Let us consider the connection between the solvability conditions for Problems 1
and 2 in the form of extremal aiming and using an a priori stable bridge {1, 2].For
definiteness we present the reasonings here for the minimax formulation, i.e, for the pair
strategy U, -counterstrategy V5. The corresponding statements, as applied to a differen-
tial game in mixed strategies and in the class counterstrategy /4 —strategy V, are veri-
fied similarly ; we present them below without proof,

We introduce an auxiliary program construction. Namely,by the symbol V,, we denote
the counterstrategy~program [2] which associates with every pair {t, u} aset V (i,

u) & Q upper-semicontinuous with respect to inclusion relative to {f, 2}. We deter-

mine a program motion g (f) = z (£; t,, &y, V) (t, & [to, 8]) as a solution of the

contingent differential equation
rWEAMeO+F V),

F@, Vi)=cof{f:f=[f@ u 2, vE V() e P}

where co {f} is the closed convex hull of the set {f} of vectors f, Further, we denote

(2.1)

81" (fay Tq) = €7 (L4, T4: T,) = Min £,°(ty, 7,5 7) (2.2)
e[, 8]
1" (Ex, Zg3 T) = Max min @ (z(T;1,, Ty, V) (2.3
Vu x(‘)

It can be verified that the quantity €;° (f,, @,; T) in(2.3) can be represented by the

equality ,° (L4, Ty T) = MAX max ll’ {X (7, t) Ty }m + (2.4

Vi Hi=1

[ min 14X (v, ) m)dt + o )]

i, fEEF(lvVu)

if the right-hand side of this equality is positive; otherwise &;° (t,, Z,; T) = 0. Here
{ is an m-dimensional vector, X (¢, 1) is the transition matrix for the solutions of
the equation 2" = A () z, X (xr, ©) = E, pm () = min 'm for (— m) & M,
the prime denotes transposition, We note that the optimal program V ° = V° (¢, u),
implying the maximum in (2.4), exists, while the expression (2.4) for &,° (t,, z,; 1)
can be written as 8:° (Egy Ty; T) = max [l’ (X (%, t) Tedm + (2.9)

=1
T

S minmax I {X (v, )/ (¢, u, V)}m dt -+ pu (l)}

i, uez P veQ
We say that the game (1, 1), (1. 2) is regular if the following conditions are fulfilled,
Condition A1, Forevery position {t,, .} (f, <t <, £, 7= T4, &° (ty,
z,) € (0, ), p = const) , for any choice of function v (¢) we can find at least one
instant T, & [t,, 9] and one vector f, = co {f: f =1 (t, u, v (u)), us P} such
that the inequality

LX (T ty) fa < min max By X (T, 1) f (bo iy 0), 15 = (17,00, ..., 0}
ues P=Q
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is valid for any of the maximizing vectors £ in (2. 4), comesponding to the instant T,
Condition B1.Forevery position {t,, z,} (¢, <t, <9, &° (f,. z.)

(0, B) . for any choice of vector u & P we can find at least one vector f* & co {f :

f = f(t, u, v), v Q} such that the inequality

Ly X (o, ty) f* = max I X (To, 1) f (ty, 4, 1)
veEQ

is valid for any of the maximizing vectors /° in (2, 4), corresponding to any of the mini-
mizing instants t,in (2. 2).

We note that Conditions A1 and B1 cortespond, respectively, to Conditions A, B and
C of [7],but now in application to the inherently linear system (1., 1) being analyzed,
The validity of the next assertion is proved by reasonings similar to those in [7].

Theorem 2,1, Let the regularity Conditions A 1 and B.1 be fulfilled, Then the
strategy [/,° -+ u° (¢, %), extremal [1, 2] to the set W,,, = {{t,2}: &, (¢, 2)
e,° (g, o) }, solves Problem 1 in the minimax case, guaranteeing an encounter of every
motion z [t; ty, oy Up’) of system (1.1) with set M when e,° (f,, z,) = 0. The
counterstrategy V3° = ¢° (t,z, u), extremal to the set Wy = {{t, z}: g° (¢, 7) >
&,°(ty, )}, solves Problem 2 in the minimax case.

We now consider the connection between the regularity Conditions A1 and Bl and
the following two conditions,

Condition C1, The function

x® (t, 1, 1) = — mi VX (r,)f(t
1 (8,7, 0) min max (X (v, t)f(t,u, 0)}m

is convex in [ for all ¢t & [t,, t] and for all v & [¢,, 9].
Condition D1, Forevery vector u & P we can find a vector f,,* € co {f:
f = f(t, u, v), ue P} such that we have

VX (%, ) f1u}m = max VX (0, 8) F(t,ty V)

forall T and ¢ (f, <<t <C T <X and for all m-~dimensional vectors / .
By the symbol H, (1, t) we denote the set defined by the relation

Hy(z,t)= Q o UX (0, ) f tu, v (u)m:u s P} (2.6)

where the function » (1) & Q within the braces is fixed, while the vector u rangesover
the whole set P; the intersection is taken over all possible functions v (u) = Q. It
can be verified that an m-dimensional vector h belongs to set H, (T, t) if and only if
it satisfies the condition

max [min max ! {X (v,8)/(t,u, v)}m — A} <0 2.7

=1 usP v=Q
When Condition C1 is satisfied, a vector 4, for which condition (2. ") is satisfied exists,
as is easy to show, and consequently, the sets H, (’E, t) are nonempty in this case,

We introduce,further, the quantity &* (f,, %) defined by the equality
* — : ; 3 .
B* (tyy 24) = uin min min r(z(T; by, Ty), m) (2. 8)

where z (t; 1, x*) is a motion, being a solution of the contingent Eq. (2, 9) under con-
traint (2, 10 .
straint (2. 10) cW=A0z®+ g (2.9)
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(X, negWnes H,(x, 1) (2.10)
We note that from the construction of the sets H, (t, t) it follows that the sets
W) = {z: {X (1, t) Zgey O} = {X (z, ) x}m}

where x4 () is a solution of Eq. (2. 9) under " control" & (2), satisfying (2, 10), form
a minimax u-stable bridge, Therefore, if for the initial position {t¢, Zo} we can find
a solution x,(.y (t) of Eq. (2. 9) satisfying the condition 4.y (1) & M for some T &
[t,, ©l,then the strategy (J(®) —— u() (¢, z) extremal [1, 2] to this bridge W &(-)
ensures the encounter of system (1, 1), (1. 2) with set M by this instant, The following
assertion is valid,

Lemma 2,1, Let Condition C1 be satisfied, Then the equality

& (t*v x*) = 81* (t*, CC*,) (2.11)
is valid,

The lemma is proved on the following plan. Let T = 1° be the minimizing instant
defined by relation (2. 8) and let z* (t; ty, z4) = Tgeey (1 tar zy) (tx << L < 1°) be the
minimizing motion from (2, 8), corresponding to this instant, From the fact that the bridge
w¥"C) is minimax u -stable, we deduce the existence of a program motion z (2; ty, 4,
V..), for each program V,,such that

3; (ty, 24) = @ (@ (1% by, 24)) = @ (x (%5 4, Ze, V)

Hence follows the validity of the inequality

£, (tr 74) €7 (Lay Ta) (2.12)
Let us show the validity of the relation inverse to inequality (2, 12)
e) (tx, Z4) > f; (ths Z4) (2. 13)

The required assertion will then follow from (2, 12) and (2, 13).
In fact, expression (2, 8) for &, (f4, 74) can be written as
TO
* = U{X (o, ¢ S min  Vh(t)dt+p (l)] (2.14)
e1* (ty, 24) mi’;[ {X( #) Talpy ; heHeo 1) ( M

By /* and h*(f) we denote an m=-dimensional vector and a vector function implying,
respectively, the maximum and the minimum in (2. 14). We take a vector function
u* (¢) which satisfies the minimax condition

max I'{ X (1°, 1) (£, u*{t), v)},, = min max I¥ { X (1°, 1) { (¢, u, 0)},, (2. 15)
7e=Q ueP ve&Q

for almost all ¢t & (¢, °] and for each t & [t,, t°] we find the vector f; 4+, for which
the equality (X @) furydm = B0 (2. 16)
is satisfied. The existence of vector h (¢) € Hi (v°, ) in (2, 16) follows from the fact
that under Condition C1 the intersection of the set Hi (t°, #) with any of the sets 7, (¢,
u) = co {{X (t°, &) [ (¢ u, v)}m: v & Q} is nonempty for every fixed u & P, From

(2. 14)— (2. 16) we obtain

R << (X (%) f, . < min max ¥ {X (t°, 1) f (t,u, v
Fh() < {X( )f,,u(,)}m\uevaQ {(X () f( Vim
whence the required equality (2, 13) is derived with due regard to (2. 5).

The following statement is valid:
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Theorem 2,2, Let Conditions C1 and D1 be fulfilled, From Conditions C1 and
D1 follow the regularity Conditions Al and Bl for game (1. 1), (1. 2) and the equality
&’ (toy T)) = &* (£, o).

In fact, from the convexity of the function %, (T, ¢, ) it follows that the maximizing
vector [°in (2, 5) is unique. But then Condition Al is automatically satisfied, Condi-~
tion Bl follows directly from Condition D1, and the vector f* dealt with in D1 satisfies
the corresponding equality for all values of vector [ and not only for the vectors /°,
The equality &,° (¢,, z,) = &* (¢y, Z,) has been proved in Lemma 2, 1.

Thus, when Conditions C1 and D1 are satisfied, the problem of encounter by the instant
T° (Problem 1) can be solved either by means of the sets H, (1°, t) of (2. 6) or by means
of a minimax u-stable bridge W, . of program absorption. Furthermore,under Condi-
tion C1 the function e,° (¢, x; 7) is differentiable [8] in the region &,° (¢, z) & (0, B)
for each fixed 1 ; therefore, in the case being examined the encounter problem is effec-
tively solvable by the extremal aiming strategy [8]. When Condition D1 is satisfied, the
evasion problem (Problem 2) can therefore be solved by using the v-stable program
bridge W,t. Moreover, it turns out that when Conditions C1 and D1 are satisfied, thé
evasion problem is effectively solvable by the counterstrategy of generalized extremal
aiming, We define this counterstrategy in the following manner.

We introduce the function 8 N

}\/l(t,.’t) = Smdf
t
By G, we denote the region of positions {f, 2} for which &,° (¢, z) € (0, B).Since
for each T the function &,° (¢, ; T) is differentiable in region @, ,the function A, (t,
x) is differentiable in this region, If {t, z} & G,, the counterstrategy V(e (t, z, u)
of generalized extremal aiming is identified with any function » (¢, z, u) & Q Borel
in u; if,however, {t, z} & G,, then V© (¢, z, u) is identified with any function
v = v (¢, z, u) E Q Borel in y , for which the maximum condition
[_ 6116(;, z) ] f(t, u, U(e)) = max [ i} 5 (t ) ] f(t u, U)
veQ
is satisfied, where [9); (¢, z)/ Ox] is the matrix of partial derivatives dA; (¢, z) / dz;,
=1, 2,. .., n. We write the contingent equation (2.17)

reA@xtceof{f:f=FfE u v(@W), v(w)e Ve (t, z, u),ucs P)

The following assertion is valid.

Theorem 2,3. Let Conditions C1 and D1 be satisfied, Then the counterstrategy
V@ (t, z, u) of generalized extremal aiming ensures the evasion of all motions
z [t] = z [¢; t,, 25, V@] in (2, 17) from the set M on the interval [y, ] when
&;° (£ o) & (0, B).

Directly from Theorems 2, 2 and 2. 3 follows

Theorem 2,4. Let Conditions C1 and D1 be satisfied and let &,° (o, Z,) & (0,
B). Then &,° (¢,, x,) = &* (t,, Z,) is the value of the encounter-evasion game,

8. Here we state without proof assertions analogous to those presented in Sect. 2 in
connection with the solution of Problems 1 and 2 in the class of mixed strategies {U,,
V2} and for the pair { U;, V,}. We denote
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s & (b g3 T) =, max X (v, t) Zadm + pi(ta, T3 1) 4 par (1)) (3.1
8 (tyr Ty) = 8" (Lys Ty To) = Min &°(b,, Ty; ), i= 2,3 (3.2
Te[t,.8]

T

Po(fyy Ty, T) = S‘ [m}jn mvaxé: g U{X (v, ) f(t,u,)lmp(du)v (du)] dt

T
Ps{lss Ty T) 5‘ tvrgth E‘nég VX (v, ) f(t,u,v)m dt
where @ (du) and v (dp) are probability measures on P and Q ,respectively. We
say that in the cases being considered the game (1. 1), (1. 2) is regular if the following
conditions are satisfied, respectively,
Condition A2(A3). Forevery position {t,, .} (fo < e < O, ty 5= T,
&;° (ty, 2,) (0, B), i = 2, 3), for any choice of probability measure v, (dv) (of vec-
tor v & @) we can find at least one instant Ty & lt,, 9] and one probability mea-
sure My (du) (vector f, = co {f:f=f(t, u (@), v), u (v) & P}) such that the

relation ,
IS 2 15 X (Tor ) f (tgr 1, 1) iy (dt) vy (d) <

rﬂin max}i S 12 X (Toy ty) / (e 1, V) (dus) v (d)
3

(3 X (%o, ty) fi <Cmaxmin Iy X (tg, 1)/ (£4,u,0))
ve&EQ uEP
is valid for any of the minimizing vectors {° in (3, 1), correponding to instant T,
Condition B2(B3). Forevery position {t,, z,} (t, < te < B &° v z,) &=
0, p), i= 2, 3),for any choice of probability measure p* (du) (of function u (v))
we can find at least one probability measure v* (dv) (vector f* e co {f:f = f (s,
u, v), u = u (v), v &< @}) such that the relation

] iz;’ X (%o, 14) ] (b4, v) p* (dut) v¥ (dv) >
max min g 5 X (Tor t4) / (tgo U, 0) i (dus) v (d)
M Q

(5 X (%o, t) /* > max minly X (To, 1) f (tyo 1, V)
veEQ  uesP
is valid for any of the maximizing vectors [° in (3. 1), corresponding to any of the mini-
mizing instants 7,in (3. 2),

An assertion, similar to Theorem 2, 1, on the solvability of Problems 1 and 2 in the
class of mixed strategies {U,, V,} (in the class counterstrategy 7, strategy V,)
is valid when the regularity Conditions A2 and B2 (A3 and B3) are satisfied.

Fort the cases being examined let us now formulate the solvability conditions for Prob~
fems 1 and 2 in a form similar to Conditions C1 and D1, Here these conditions take the
form:

Condition C2(C3). The function
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% (t,7,1) = — min max (v X (w07t u, 0} b (@) v (do)
* PO

(%32, t, 1) = — maxmin ' {X (7, ) f (¢, u, V)}m)
1EQ usSP
is convex in [ for all ¢ & [t,, 7] and for all T & [¢,, 4] .
Condition D2(D3). For every measure p (du) (function z (v} & P) we can
find a measure v (dv) (vector f* = co {f:f = f (t, u (v), v), v & Q}) such that

we have
15) § UAK (3, 8)F (¢, u, V) (d) ¥ (d0) >

min max § { (X (v, )1 (¢, 1, )} 1 (du) v (d0)
i v PQ

T {X (v, 8) ¥} > maxmin I’ {X (v, £) / (¢, u, V)}m)
ve=Q ueskh

forall v and ¢ (f, <t <{ v <{®) and for all m-dimensional vectors /.
Introducing the sets defined by the relations

Hy(e,ty= () [ng [ X 5,007 (6,5, 0)}m 8 (G0) v (@0)]

wdv)
H3(T:t) - QQCO{{X(T t)f(t!u’:v)}m:ue P}

we can verify the validity of the next statement by using arguments similar to those in
Sect, 2,

Theorem 3.1. Letconditions C2 and D2 (C3 and D3) be satisfied, Then the
regularity Conditions A2 and B2 (A3 and B3) for game (1. 1), (1. 2) are satisfied auto-
matically and &° (14, Tp) = 8,* (t,, Zo) (85" (to, Ty) = €3% {f4, %y)). The mixed
strategy V() (¢, x) of generalized extremal aiming when &,° (4, z,) & (0, P) (the
generalized strategy V() (f, 2) when &,° (t,, z,) & (0, PB)) ensures the evasion of
all motions zlt;t,, xo,Va(e)] (&[2; tg, 20,V @) from set M on [t,, &]. The quantity
& (Lo, Zo) = g,* (t,, Zo) (85° (Egy Tp) = &3* (ty, Zo)) is the value of the encoun-
ter-evasion game.

Here, when {t, z} & Gy ({t, z} & G;) the mixed strategy Vi (¢, 7) (the stra-
tegy V¢ (¢, 2)) 'is identified with any probability measure v (dv /£, ) on Q (any
function » (¢, z) & Q), and when {t, x}= G,, ({t, z} = G,) with any probability
measure V&) (dv /t, ) on Q (any function ¥(® (¢, z) &= Q) for which the condition

mmg 5 ah(t 2) ] F(t, u, v)p (du) v (.{‘%.) =

max mm fg s (t x) f(t, u, v)p (du)v (dv)

. 9hs (¢, %) } . s (2, 2}
min [-————-—-«w t, u, ) = max min [-——- ———’———} tu, v
(ueP ox A ) v=Q ueP oz 1, ))
is satisfied,

Above we have considered the solution of Problems 1 and 2 on ideal motions z [t}
which are the uniform limits of the comesponding Euler polygonal lines, However, when
solving these problems we can pass to the motions realizable in practice; this can be
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done by tumning directly to the Euler polygonal lines, The next assertion is valid,
Theorem 3,2, For any position {t,, o} and any number ¢ > (0 wecanfinda
number § >0 such that for AW S the inequality
“Lin m[a]x @ (T [+5 20, 20, Uil) <& (0, Zo) + @, 1==1,2,3
i b
is satisfied for every approximate motion x, ) [¢; ty, 2o, U ;] [2] and the inequality
mvax f[“]n O (Zamy[+5t0, 20, V1) > (tg, 20) — o, 1 =1,2,3j=3,2,1
i Al )
is satisfied for every motion ,(x) l?; to, 2o, V5l
The given approximation in Problems 1 and 2 is stable with respect to information
noise, We note that a meaningful interpretation of the solutions obtained in the class
of mixed strategies can be achieved on passing to a stochastic procedure for choosing
the players' controls [1, 2], We note that in the purely linear case the problem consi-
dered in the present paper was investigated in [2].
The author thanks N, N, Krasovskii and A, I, Subbotin for valuable remarks,
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